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Abstract
1.	 Demographic and evolutionary modelling approaches are critical to understand-

ing and projecting species responses to global environmental changes. Population 
matrix models have been a favoured tool in demography, but until recently, they 
failed to account for short-term evolutionary changes. Evolutionary-explicit de-
mographic models remain computationally intensive, difficult to use and have yet 
to be widely adopted for empirical studies. Researchers focusing on short-term 
evolution often favour individual-based simulations, which are more flexible but 
less transferable and computationally efficient. Limited communication between 
fields has led to differing perspectives on key issues, such as how life-history 
traits affect adaptation to environmental change.

2.	 We develop a new EvoDemo hyperstate matrix population model (EvoDemo-
Hyper MPM) that incorporates the genetic inheritance of quantitative traits, ena-
bling fast computation of evolutionary and demographic dynamics. We evaluate 
EvoDemo-Hyper MPM against individual-based simulations and provide analyti-
cal approximations for adaptation rates across six distinct scales in response to 
selection. We show that different methods yield equivalent results for the same 
biological scenario, although semantic differences between fields may obscure 
these similarities.

3.	 Our results demonstrate that EvoDemo-Hyper MPM provides accurate, compu-
tationally efficient solutions, closely matching outcomes from individual-based 
simulations and analytical approximations under similar biological conditions. 
Adaptation rates per generation remain constant across species when selection 
acts on fertility but vary with other vital rates. Adaptation per time decreases 
with generation time unless selection targets adult survival, where intermediate 
life histories adapt fastest. Rates per generation, defined as the relative change in 
individual fitness, remain constant across species and vital rates.

4.	 We discuss that no general prediction emerges about which species or life-history 
traits yield higher adaptation rates, as outcomes depend on life cycles, vital rates 
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1  |  INTRODUC TION

Understanding how populations respond to environmental changes 
is essential for effective conservation. For instance, changes in 
range, immigration or dispersion rates and life-history traits in re-
sponse to environmental changes can affect population growth and 
persistence (Bellard et al., 2012; Doak & Morris, 2010; Parmesan & 
Yohe, 2003). In particular, changes in population growth in response 
to environmental changes can be mediated by phenotypic changes 
through different mechanisms: changes in demographic struc-
ture, phenotypic plasticity and contemporary evolution (Chevin 
et al., 2012; Gonzalez et al., 2013; van Benthem et al., 2017). Among 
these, contemporary evolution in response to selection is a partic-
ularly powerful mechanism, enabling populations to adapt to envi-
ronmental change over both short and long timescales (Gonzalez 
et  al.,  2013). However, integrating demographic and evolutionary 
perspectives remains a significant challenge. Bridging these per-
spectives is crucial for improving predictions of species' responses 
to global change, as populations with a greater capacity for adaptive 
responses are more likely to persist over time (Berteaux et al., 2004; 
Jenouvrier & Visser, 2011).

Integral projection models (IPMs) which are an extension of 
matrix population models that include continuous state variables, 
have been widely used to model population responses to selection 
acting on continuous phenotypic traits in terms of future pheno-
typic distribution and stage abundance (Easterling et  al.,  2000). 
IPMs allow efficient computation of population properties, but 
their original formulation did not account for evolution or include 
explicit genetic dimensions. Recent advances introduced inher-
itance and evolutionary dynamics into IPMs (Childs et  al.,  2016; 
Coulson et al., 2017). However, these improvements involve non-
linear iterative steps that reduce computational efficiency and 
limit their applicability.

Incorporating adaptive evolution into matrix population models 
(MPMs) requires additional dimensions to capture both phenotypic 
traits and genetic inheritance. Multitrait population projection matri-
ces (MPPMs) address genetic variance and multiple vital rates (Coste 
& Pavard, 2020). However, they often lack explicit trait inheritance 
within a quantitative genetic framework, limiting their applicability 
for evolutionary research. Here, we propose using hyperstate matrix 
models (Roth & Caswell, 2016), which extend vec-permutation mod-
els (Hunter & Caswell, 2005) to efficiently incorporate evolutionary 
processes and develop a new EvoDemo hyperstate matrix popula-
tion model (EvoDemo-Hyper MPM).

In parallel, evolutionary quantitative geneticists have focused 
on predicting phenotypic changes through genetic processes, 
using mixed models to estimate genetic parameters and sometimes 
individual-based models (IBMs) to study population-level conse-
quences of evolutionary dynamics (Haaland et  al.,  2023; Lachs 
et  al.,  2024; Lamarins et  al.,  2022; Postuma et  al.,  2020; Rees & 
Ellner, 2019; Xuereb et al., 2021). Although IBMs can accommodate 
complex demographic processes, they are time-consuming to de-
velop, less transferable and computationally demanding compared 
to matrix models (Grimm & Railsback, 2005; Grimm, 1999).

These two modelling schools, evolutionary quantitative geneti-
cists with IBMs versus demographers with matrix-based approaches 
(MPMs and IPMs) have evolved largely independently and have 
sometimes produced different results about the importance of evo-
lution in short-term population dynamics. For instance, studies on 
bighorn sheep responses to trophy hunting have yielded contrasting 
results (Hedrick et al., 2014; Janeiro et al., 2017; Pelletier, 2019; Traill 
et al., 2014) in part because IPMs may underestimate how pheno-
typic differences accumulate over an individual's lifetime and are 
transmitted across generations (Chevin, 2015).

Demographers emphasize the importance of considering the 
life cycle, particularly a species' position along the slow-fast con-
tinuum of life histories (Chevin,  2015; Compagnoni et  al.,  2021; 
Paniw et  al.,  2018; Salguero-Gómez,  2017). Faster-lived species 
with shorter generation times and rapid population growth rates are 
expected to adapt more quickly to environmental change (Vedder 
et al., 2013). In contrast, evolutionary ecologists focus on predict-
ing adaptation through the variance–covariance properties of traits 
and individual fitness, using tools such as the breeder's equation, the 
secondary theorem of selection or Fisher's fundamental theorem of 
natural selection (Queller,  2017). Although these approaches may 
seem different, quantitative evolutionary genetics inherently incor-
porates life cycle dynamics (Barfield et al., 2011) and aligns with de-
mographic principles (Fisher, 1930). However, semantic differences 
between fields can cause confusion and hinder collaboration.

A key distinction between these frameworks lies in the time 
units used. Quantitative geneticists typically predict responses to 
selection per generation (Lynch & Walsh, 1998), whereas demog-
raphers focus on population dynamics over intervals correspond-
ing to life-stage transitions, often annually (Caswell, 2000). This 
difference comes from the tools used: the breeder's equation pre-
dicts changes from generation to generation, while Leslie matri-
ces track life-stage transitions and reproductive events over time. 
Although converting between these time units is straightforward, 

and the definition used. We provide Matlab and R code to support the application 
of our EvoDemo-Hyper MPM.

K E Y W O R D S
adaptive evolution, evolutionary demography, hyperstate matrix model, life-history strategies, 
quantitative genetics, slow-fast continuum
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1646  |    VAN de WALLE et al.

it is not always applied in the academic literature, leading to 
misinterpretations.

Another difference involves how selection is quantified. In 
quantitative genetics, selection is expressed on the scale of rela-
tive fitness, defined as individual fitness divided by mean fitness. In 
contrast, demography uses regression parameters to relate traits to 
vital rates (e.g. survival, fertility), treating the regression slopes as in-
dicators of selection. Additionally, non-Gaussian link functions (e.g. 
logit or Poisson) complicate the back-transformation of regression 
parameters to relative fitness scales, adding further discrepancies 
between the fields (de Villemereuil et al., 2016).

In this study, we integrate perspectives from demography, evo-
lutionary genetics and mathematics by developing a matrix popu-
lation model that explicitly incorporates evolutionary processes: 
EvoDemo-Hyper MPM. Our model predicts genetic adaptation 
rates for five species along the slow-fast life-history continuum, 
highlighting how evolutionary responses vary depending on which 
vital rate is under selection, with life history influencing both gen-
eration time and adaptation rates. We compare the predictions of 
our model with those of a similarly parameterized IBM and analytical 
approximations. Additionally, we express adaptation rates using six 
definitions, capturing different time frames and selection measures 
across research communities. Our findings indicate that the matrix 
model, IBM and analytical approaches give similar results on a com-
mon scale, but no general prediction can be made on which species 
or life-history trait adapts faster; it depends on the life cycle, vital 
rates under selection and definition choice.

2  |  METHODS

In the following sections, we present methods for the construction of 
the evolutionary matrix population model: EvoDemo-Hyper MPM. 
Appendix  S1 describes a corresponding Individual-Based Model. 
Both models are based on the same basic life cycle from which we 
simulated five different species with contrasted life histories. The 
IBM is a stochastic model that tracks each individual separately over 
time, whereas the EvoDemo-Hyper is a deterministic model that 
tracks the proportion of individuals in any given class over time. 
Since selection acts on individuals, IBMs incorporate selection and 
evolutionary processes more explicitly. Comparing the EvoDemo-
Hyper with a similarly parameterized IBM allows us to validate the 
correct implementation of selection and genetic transmission in the 
EvoDemo-Hyper.

2.1  |  Life cycle

The stage-structured life cycle (Figure 1) consists of juveniles (J) and 
adults (A). Annual transitions occur from time t to t + 1. The sur-
vival probabilities of juveniles and adults are SJ and SA. Juveniles at 
time t mature and become adults with probability � at time t + 1, 
or remain juveniles with probability (1 − �) at time t + 1, both given 

survival. For a pre-breeding census, fertility (F) indicates the per cap-
ita rate of contribution from adults to juveniles annually, calculated 
as F = f × SJ, with f  being the annual number of offspring produced 
per capita (Appendix S2). An equal sex ratio for the offspring is as-
sumed at birth. This life cycle simulates species with diverse life-
history strategies (Neubert & Caswell, 2000). We model five species 
with increasing generation time (Table 1), mapping them along the 
slow-fast life-history continuum (Salguero-Gómez et al., 2016). They 
vary in age at first reproduction (early vs. late) and lifespan (short 
vs. long) (Neubert & Caswell, 2000). We also consider differences 
in reproductive strategies (semelparous vs. iteroparous) (Neubert & 
Caswell, 2000; Salguero-Gómez et al., 2016). These species illustrate 
a range of lifespan and reproductive variations (Table 1). Species 1 
features rapid development, a single lifetime reproductive event and 
high fecundity, akin to annual plants and insects. Species 2 is a short-
lived iteroparous species with limited offspring per time unit, similar 
to small mammals and birds. Species 3 spans several years, produc-
ing one offspring per time unit, like some deer. Conversely, species 
4 and 5 are long-lived with delayed reproduction and low breeding 
output, resembling some primates or larger species like whales and 
albatrosses.

2.2  |  Phenotypic variation, heritability and 
selective pressure on vital rates

Under a simple quantitative genetic infinitesimal model, the pheno-
type of an individual, z, can be decomposed into a population mean, 
an additive genetic deviation, termed the breeding value and an en-
vironmental deviation (Falconner & Mackay,  1996). The change in 
mean breeding values over time represents the genetic evolution of 
the quantitative trait considered. The variance in breeding values 
is the additive genetic variance (VA), whereas the variance in envi-
ronmental deviations is the environmental variance (VE). The sum of 
the two is the phenotypic variance of a trait (VP), with VP = VA + VE . 
Narrow-sense heritability, denoted h2, is the proportion of the phe-
notypic variance that can be attributed to inherited genetic factors, 
and is calculated as h2 = VA ∕VP.

F I G U R E  1  Life cycle graph of the population models.
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    |  1647VAN de WALLE et al.

We explore four selection pathways targeting specific vital 
rates: juvenile survival SJ, adult survival SA, fertility F and matura-
tion �. Selection on juvenile survival SJ, adult survival SA or matu-
ration � is modulated by parameter � following a logit distribution 
(Appendix S3, Figure S4). For fertility F, selection is modulated by 
parameter � using a Poisson distribution, except for long-lived spe-
cies with one offspring annually, for which fertility is modelled with 
logit functions. In both scenarios, parameter � indicates the strength 
of selective pressure on the link scale (logit or log).

2.3  |  Parameter values

Vital rate values (Table 1) ensured stable equilibrium growth rates 
for each species (� = 1) before selective pressures. We projected 
the population assuming a phenotypic variance of 1, additive ge-
netic variance 0.2 and selective pressure 0.15. These values for VP 
and VA suggest moderate heritability (Postma, 2014). The value of 
� isn't directly comparable to empirical standardized selection gra-
dients due to scale differences across species and vital rates. With 
heritability 0.2, observed adaptation rates per generation align 
with empirical gradient estimates of 0.25, fitting within empirical 
ranges (Kingsolver et al., 2012). Results for other parameters are 
described in Appendix  S3. Adaptation rate magnitudes depend 
on VA and �, yet species and vital rate differences are consistent 
(Figure S11).

2.4  |  Principle of adaptation rate: Theoretical 
derivations

Adaptation rate is determined by the change in mean phenotype z 
over time Δzt. We analyse and compare adaptation rates under se-
lective pressures on the four vital rates for each of five species. This 
involved eight calculation methods, varying by the time unit (year vs 
or generation) and selection unit.

2.4.1  |  Rate of adaptation per unit of time, RAT

In the Fisher infinitesimal model Fisher (1918), the additive genetic 
variance stays nearly constant over time, close to VA. As changes in 
VE were not modelled, the phenotypic variance also remains stable, 

close to VP. Thus, we calculate the adaptation rate per time unit RAT 
using Lande's equation (Bulmer, 1980; Lande, 1979):

with

which can also be written as:

In addition, when the phenotypic variance in the population is not too 
large, the mean growth rate � is well approximated by the growth rate 
� at equilibrium of a monomorphic population with trait z.

The selection gradient in the population is thus approximated 
using the sensitivity matrix S associated to the growth rate � and 
the variation of the vital rate with respect to the phenotype, so that (
S =

��

�zt

)
. The sensitivity matrix S is described by

where v and w are the left and right eigenvectors associated with the 
eigenvalue � of the projection matrix Ã = Ũ + F̃ at the mean trait z. The 
projection matrices Ũ and ̃F are defined by the life cycle in Figure 1 (see 
Equations (13) and (16)).

2.4.2  |  Rate of adaptation per generation unit, RAG

The evolution of the mean phenotype can also be measured per gen-
eration time T. For a monomorphic population, generation time is 
defined by Bienvenu and Legendre (2015)

The rate of adaptation per generation time is linked to the rate of adap-
tation per unit of time as follows

Here, the sensitivity matrix S is replaced by the following sensitivity 
matrix per generation ST defined by

(1)RAT = Δzt ≈ VA�,

(2)� =
� ln

(
�
)

�zt

(3)RAT = h2VP

1

�

��

�zt
.

S =
vw⊤

v⊤w
, with v =

⎛⎜⎜⎝
SJ𝛾

𝜆−SJ(1−𝛾)

⎞⎟⎟⎠
,w =

⎛⎜⎜⎝
F

𝜆−SJ(1−𝛾)

⎞⎟⎟⎠
,

(4)T =
𝜆v⊤w

v⊤Rw
=

𝜆v⊤w

v1w2F
.

(5)RAG = RATT .

Parameter Species 1 Species 2 Species 3 Species 4 Species 5

Fertility (F) 10.9868 4.9958 0.9987 0.3004 0.2286

Adult survival (SA) 0.0365 0.2000 0.8000 0.9300 0.9500

Juvenile survival (SJ) 0.0965 0.2500 0.3850 0.5050 0.8000

Maturation rate (�) 0.9000 0.5720 0.4000 0.3000 0.0700

� 1.0000 1.0000 1.0000 1.0000 1.0000

T 2.0476 2.3698 6.3004 15.7521 23.9042

TA B L E  1  Demographic parameters for 
the five species used in the simulations 
along with demographic characteristics. 
� is population growth rate and T is 
generation time.
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1648  |    VAN de WALLE et al.

2.4.3  |  Rates of adaptation per unit of vital rate, 
RATS� and RAGS�

The rates of adaptation can also be measured in units of vital rate, 
specifically based on the response of the vital rate under selection. 
These rates are denoted as RATS� when expressed per unit of time 
and RAGS� when expressed in terms of generation time. They are cal-
culated as follows

where V� is the relative rate of change in the vital rate � of interest.

2.4.4  |  Rates of adaptation per unit of fitness

The selection units can be characterized as the proportional rate of 
variation in an individual's fitness. Individual fitness can be meas-
ured as the average lifetime reproductive success, or the net repro-
ductive rate R0, which is defined for our simple life cycle as

The rate of adaptation over time, denoted by RATSR0
 and the rate of 

adaptation per generation, denoted by RAGSR0
, measured per unit of 

individual fitness, are given by

and VR0
 is the relative change in individual fitness.

2.5  |  EvoDemo hyperstate matrix 
population model

Our population model, based on the hyperstate model formula-
tion Roth and Caswell  (2016), includes three dimensions (m = 3 ) 
(Figure 2). Individuals are classified by stage ( i ), breeding value ( j  ) 
and phenotype (k). The first dimension ( i ) ranges from 1 to s, the sec-
ond ( j) from 1 to b and the third (k) from 1 to p. This allows tracking of 
breeding values and phenotypes. The life cycle has two stages (s = 2). 
Breeding values and phenotypes are assumed to be centered at zero, 
ranging from − 4 to 4. They are divided into 40 classes (b = p = 40), 
which provides a good balance between computational efficiency 
and accurate discretization, the latter requiring b ≥ 4∕

√
h2VP ≈ 9. 

Note that alternative numbers of classes could have been used.

The population vector nt consists of the number of individuals 
ni,j,k in each stage i , categorized by breeding value class j and phe-
notype class k. Phenotypes are grouped within breeding values, and 
breeding values are grouped within stages. Our model projects this 
population vector from time t to t + 1 using the projection matrix 
Ã
[
nt

]
. Although the model is centered on females, it extends to a 

two-sex formulation to include the distribution of male breeding 
values, thus accounting for genetic transmission, assuming a similar 
structure for both male and female populations. The dynamic of the 
population is given by

The matrix Ã can be broken down into the matrices Ũ and F̃ (Figure 2), 
which represent the transition of living individuals and the production 
of offspring, respectively.

The matrices Ũ and F̃ can also be broken down into subprocesses 
(Figure 2), which represent different transition processes happening 
within each dimension:

The matrices ℙ, �, �, �, ℍ and ℝ consist of block diagonal matrices 
with matrices Pij, Bik, Ujk, Hij, Mik and Rjk placed on the diagonal, 
respectively. The K matrices are vec-permutation matrices that 

ST = ST = 𝜆
vw⊤

v⊤Rw
= 𝜆

vw⊤

v1w2F
.

(6)

RATS� =
RAT

V�

and RAGS� =
RAG

V�

, where V� =
� ln(�)

�zt
=

1

�

��

�zt
,

(7)R0 =
FSJ�(

1 − SA
)(
1 − SJ(1 − �)

) .

(8)

RATSR0
=

RAT

VR0

and RAGSR0
=

RAG

VR0

, where VR0
=

� ln
(
R0

)
�zt

=
1

R0

�R0

�zt

(9)nt+1 = Ã
[
nt

]
nt .

(10)Ã
[
nt

]
= Ũ + F̃

[
nt

]
.

(11)�U =
(
Kb,pKs,b

)⊤
ℙKb,p𝔹Ks,b𝕌,

(12)�F
[
nt

]
=
(
Kb,pKs,b

)⊤
𝕄Kb,pℍ

[
nt

]
Ks,bℝ.

F I G U R E  2  Schematic representation of the Ã matrix and its 
constituents. Note that Ø means that those matrices contain no 
specific parameters; they are identity matrices.
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    |  1649VAN de WALLE et al.

rearrange the structure of the n vector after each sub-process is 
applied, in order to align with the organization in the subsequent 
processes.

Equation  (11) involves a series of operations on the population 
vector n. First, it is multiplied by the block matrix �, which represents 
the stage within the breeding value within the phenotype. The result-
ing vector is then rearranged using the matrix Ks,b. Next, it is multi-
plied by the matrix �, which represents the breeding value within stage 
within the phenotype. Again, the resulting vector is rearranged, this 
time using the matrix Kb,p. Finally, it is multiplied by the matrix ℙ, which 
represents the phenotype within the stage within the breeding value. 
The vector n is then rearranged back to its original structure, that is, 
stage within breeding value within phenotype, using the transpose of 
the product of matrices Kb,p and Ks,b.

In Equation (12), the population vector n is subject to a compa-
rable sequence of operations, although it involves distinct processes 
ℝ, ℍ

[
nt

]
 and � that serve, respectively, as substitutes for �, � and ℙ . 

Each of these subprocesses is detailed in the following sections.

2.5.1  |  Transition of living individuals

The transitions of living individuals from time t to time t + 1 are cap-
tured by three sets of matrices, each of which represents a distinct 
process along a single dimension.

1.	 The stage transition matrices Ujk (dimension s × s) capture the 
transition of individuals between juvenile and adult stages 
for each combination of breeding value j and phenotype k. 
Transitions between stages include survival S and maturation 
probabilities �;

where SJ and SA are, respectively, the juvenile and adult survival rate 
corresponding to the breeding value j and phenotype class k.
2.	 The transition matrices for stage i  and phenotypic class k, Bi,k (di-

mensions b × b) contain transitions of the breeding value class for 
individuals in each stage i  and phenotypic class k. Breeding values 
are assumed fixed from birth, hence Bi,k are identity matrices:

3.	 Transition matrices for stage i  and breeding value class j, Pi,j (di-
mensions p × p) contains transitions between phenotypic classes 
for individuals of stage i  and in breeding value class j. Individuals 
are assumed to stay within their phenotypic class throughout 
their life, so that the matrices Pi,j are also identity matrices:

However, this assumption can be relaxed to account for phe-
notypic changes over an individual's lifetime, such as traits that im-
prove with age.

2.5.2  |  Production of new individuals

The production of new individuals with their own breeding values 
and phenotypes is represented by the following set of matrices:

1.	 Reproduction matrices (Rjk) contain the state-specific fertilities 
of individuals within the breeding values and phenotypic classes 
j and k, respectively:

where F is the fertility rate of adults carrying breeding value j and phe-
notype k.
2.	 The breeding values of newly produced offspring are determined 

by the matrices Hi,k[n] (dimensions b × b). Those matrices contain 
the probabilities that newly produced offspring receive a given 
breeding value depending on the breeding values of their parents 
and are assumed fixed across all i  and k values.

Individuals are assumed to reproduce sexually with random 
mating. The breeding values of the parents are denoted xjf 
and xjm. The breeding value of the offspring is sampled from 
a normal distribution with a mean equal to the average of 
the parental breeding values 

(
xjf + xjm

)
∕2 and a variance equal 

to half of VA = h2VP. Here, h2 represents the heritability of 
the phenotypic trait of interest in the population. This model 
is commonly referred to as the Fisher infinitesimal model 
(Bulmer,  1980; Fisher,  1918). We assumed that VA, VP and 
h2 at birth remain constant, even though the realized variance 
in breeding values and phenotypes among all living individ-
uals may change over time. One could extend our model to 
incorporate variable VA, VP and h2 at birth. In particular, im-
plementing a variable VA would be straightforward and incur 
virtually no additional computational cost, as this parameter 
is not involved in computing the large matrices that dominate 
both computation time and memory usage. However, the dy-
namics of VA depend on specific assumptions about genetic 
architecture (Walsh & Lynch,  2018), so we did not include 
this feature in our implementation.

The probability that a mother with a breeding value in 
class jf finds a male in class jm and gives birth to an individual 
with a breeding value in class j is given by

(13)Ujk =

⎛⎜⎜⎝
SJjk

�
1−� jk

�
0

SJjk� jk SAjk

⎞⎟⎟⎠
,

(14)Bik =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0

0 ⋱ ⋱ ⋮

⋮ ⋱ ⋱ 0

0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(15)
Pij =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0

0 ⋱ ⋱ ⋮

⋮ ⋱ ⋱ 0

0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(16)Rjk =

⎛⎜⎜⎝
0 Fjk

0 0

⎞⎟⎟⎠
,
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1650  |    VAN de WALLE et al.

where GVA
 represents the Gaussian distribution with a mean of 0 

and a variance of VA

2
. The distribution is normalized so that its sum 

over breeding values j equals 1 for any parent's breeding values jf 
and jm. The function �jm denotes the frequency of reproductive 
male individuals with a breeding value in class jm within the popu-
lation. We make the assumption that both males and females ex-
perience similar selective pressures and have an even sex ratio. 
Therefore, the frequency of alive reproductive males is equiva-
lent to the frequency of alive reproductive females, which can be 
defined as follows:

Then the transition matrices for a breeding value class j, Hi,k[n] is de-
fined for all breeding value classes jf by

3.	 Matrices for stage i  and breeding value class j, Mi,j (dimensions 
p × p), assigns new offspring, with breeding value j, to their phe-
notypic class. The matrices Mi,j give the probability that a new-
born with breeding value xj will express the phenotype zk at birth. 
Importantly, this probability is solely dependent on the breeding 
value of the newborn and is not influenced by the phenotype of 
the parent. For a newborn with breeding value class j, the prob-
ability to fall within the phenotypic class k is

where GVE
 is the Gaussian distribution with mean 0 and variance 

VE = VP − VA =
(
1 − h2

)
VP. The distribution is normalized so that its 

sum over phenotypes k equals 1 for any breeding values j. Thus the 
matrix Mi,j, is defined by

2.5.3  |  Construction of block diagonal matrices

From the matrices Uj,k, Rj,k, Bi,k, Hi,k, Pi,j and Mi,j, we construct block 
diagonal matrices; for example,

with similar block diagonal constructions for ℝ, �, ℍ, ℙ and �.

3  |  RESULTS

3.1  |  Theoretical derivations of rates of adaptation

When selection acts through fertility F, that is, F(z) = exp(log(F) + � z) , 
the adaptation rates can be computed with respect to the param-
eters of our model. The selection gradient described by Equation (2) 
takes the form

Using the sensitivity matrix S associated with the matrix 
(
Ũ + F̃

)
 and 

the generation time T, defined by Equation (4) then

Equations (3) and (5) for the rate of adaptation become

Then, assuming similar selective pressure (�), heritability (h2) and phe-
notypic variance (VP) among the five species, the adaptation rates per 
generation are also all equal. In contrast, the rate of adaptation per unit 
of time will decrease with the species' generation time.

When selection acts on fertility, the relative rate of change in 
fertility V� and the relative change in individual fitness VR0

 are equal

The rates of adaptation measured in terms of unit of selection (6) 
and in terms of unit of individual selection (8) are equal

In addition, the rate of adaptation per generation and per unit of 
individual selection only depends on the heritability and the pheno-
typic variance, when selection acts on the fertility. The theoretical 
formulas for fertility, along with those for juvenile survival (SJ), matu-
ration rate (�) and adult survival (SA) are provided in Table 2, and their 
derivations are detailed in Appendix S4.

3.2  |  Method comparison

The adaptation rates per unit of time are almost identical in the three 
methods: theoretical derivations, IBM, or EvoDemo-Hyper MPM 
(Figure  3). Minor deviations between the theoretical derivations 
and MPM occur (e.g. species 1 in the juvenile survival selection sce-
nario, Figure 3), validating our theoretical approximations. Although 

(17)GVA

(
xj −

xjf + xjm

2

)
�jm (ℝn),

(18)�jm (ℝn) =

s,p∑
i,k = 1

Fjm ,kni,jm ,k

s,b,p∑
i,j,k = 1

Fj,kni,j,k

.

(19)
(
Hi,k[n]

)
j,jf

=

b∑
jm = 1

GVA

(
xj −

xjf + xjm

2

)
�jm (ℝn)

GVE

(
zk − xj

)
,

(20)Mij =
(
GVE

(
zk−xj

))
k,l∈{1,…,p}

(21)� =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

U11 0 … 0

0 U21 … 0

⋮ ⋮ ⋱ ⋮

0 0 … Ubp

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(22)
� ln

(
�
)

�zt
=

1

�

��

�zt
=

1

�

��

�F

�F

�zt
.

(23)
��

�F
=

2∑
i1,i2 = 1

Si1,i2

�(R+U)i1,i2

�F
= S1,2 =

v1w2

vTw
,

(24)
�F

�zt
(0) = �F.

(25)RAT = h2VP �
1

T
and RAG = h2VP � .

V� = VR0
= � .

RATS� = RATSR0
= h2VP

1

T
and RAGS� = RAGSR0

= h2VP .
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    |  1651VAN de WALLE et al.

IBM results embody demographic stochasticity and genetic drift, 
they match the deterministic results on average. However, the con-
fidence interval around the mean change in breeding value after 
100 years tends to be larger for scenarios with lower rates of adapta-
tion (Figure 3) because of lower population sizes and higher genetic 
drift occurring in those scenarios.

MPM results align with IBM as they cover the observed phe-
notypic and breeding value ranges over time. When observed val-
ues reach class boundaries, adaptation rates decrease (see the 
Appendix S3).

Computation times differ significantly between methods (see 
Appendix S5). Theoretical and MPM computations are fast (0.04 to 
49 s), independent of species or vital rate. In contrast, IBM simula-
tion times vary widely with scenarios and initial population size (1.45 
to 18,500 s). Multiple IBM simulation runs (e.g. 100 replicates) are 
needed to estimate adaptation, affecting dynamics and extinction 
probability, amplifying differences from deterministic simulations.

3.3  |  Definition comparison

Determining which species have the greatest adaptation capac-
ity and identifying vital rates with the highest adaptation potential 
under similar selection pressures are essential questions. Our theo-
retical findings show that responses vary based on the adaptation 
rate definition. Adaptation rates differ among species and depend 
on the selected vital rate, all influenced by how the adaptation rate 
is defined.

The greatest differences in adaptation rate between species are 
found when adaptation is expressed per unit of time (RAT), compared 
to per unit of generation (RAG). The exception is when selection acts 
on adult survival (Figure 4). However, the pattern of variation in ad-
aptation rates between species and vital rates remains consistent 
(top row on Figure 4), unless adaptation rates are calculated per se-
lection units identified as the relative rate of change in an individu-
al's fitness (RATS� and RATSR0

, middle and bottom rows on Figure 4). 

Rate Fertility Juvenile survival Maturation Adult survival

RAT h2VP �
1

T h2VP �
1

T

�(1− SJ)
�− SJ (1− �)

h2VP �
1

T

(�− SJ)(1− �)

�− SJ (1− �)
h2VP �

1

T

SA(1− SA)
�− SA

RAG h2VP � h2VP �
�(1− SJ)

�− SJ (1− �)
h2VP �

(�− SJ)(1− �)

�− SJ (1− �)
h2VP �

SA(1− SA)
�− SA

RATS� h2VP

1

T
h2VP

1

T

�

�− SJ (1− �) h2VP

1

T

(�− SJ)
�− SJ (1− �)

h2VP

1

T

SA

�− SA

RAGS� h2VP h2VP

�

�− SJ (1− �) h2VP

(�− SJ)
�− SJ (1− �)

h2VP

SA

�− SA

RATSR0
h2VP

1

T h2VP

1

T

�(1− SJ (1− �))
�− SJ (1− �)

h2VP

1

T

(�− SJ)(1− SJ (1− �))
(1− SJ)(�− SJ (1− �))

h2VP

1

T

(1− SA)
�− SA

RAGSR0
h2VP h2VP

�(1− SJ (1− �))
�− SJ (1− �)

h2VP

(�− SJ)(1− SJ (1− �))
(1− SJ)(�− SJ (1− �))

h2VP

(1− SA)
�− SA

TA B L E  2  Rates of adaptation for 
different measures of time and different 
measures of selection when selection acts 
on different vital rate of the life cycle.

F I G U R E  3  Comparison of the breeding value changes after 100 years for the three approaches: Theoretical derivations (THEO, green 
bars), Individual-Based Model (IBM, orange bars) and EvoDemo-Hyper Matrix Projection Model (MPM, blue bars). Theoretical derivations 
RAT (THEO) are multiplied by 100 to match projection time of the IBM and MPM. Each panel corresponds to a particular vital rate under 
selection. Three bar sets illustrate the outcomes for each of the five species, arranged from the shortest to the longest generation time. 
Error bars for IBMs represent the 95% confidence interval for the mean of 100 simulation replicates. Note the difference in y-axis scales 
among panels. Table S1 details the values.
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1652  |    VAN de WALLE et al.

For RATSR0
 and RAGSR0

, there are no longer variations in the adapta-
tion rates between the vital rates. Furthermore, when adjusted for 
generation time, adaptation rates are the same across all vital rates 
and species.

3.4  |  Comparison of the rate at which organisms 
adapt across different life histories

The rate of adaptation per time RAT is slower for species 5 than 
other species for all vital rates except adult survival. It decreases 
when the generation time increases if the pressure of selection 
acts on fecundity and juvenile survival. However, when the se-
lection pressure acts on maturation rate and adult survival this 
monotonicity vanishes and intermediate species (2 and 3) have a 
more rapid rate of adaptation. Highest adaptation rates per time 
occur when selection acts on juvenile survival SJ, and remain high 
under fecundity selection. This pattern slightly differs for species 
5, whose rate of adaptation is higher under fecundity selection 
(0.0013) than juvenile survival selection (0.0012). Furthermore, 
the main influence of juvenile survival is based on our assumption 
that the newborn survival rate S0 equals the juvenile survival rate 
(S0 = SJ). Under different assumptions and life cycle structures, ad-
aptation rate per time may be greater when selection influences 
fecundity (Appendix S2).

The rate of adaptation per generation RAG decreases along the 
slow-fast continuum if the pressure of selection acts on juvenile 
survival, but remains constant across species if it acts on fecundity. 
Furthermore, intermediate species (2 and 3) no longer have a faster 
rate of adaptation when selection pressure acts on the maturation 
rate or adult survival. Instead, the rate of adaptation per generation 
increases with the generation time when selection pressure acts on 
maturation and adult survival. Similarly to the adaptation rate per 
time, the adaptation rate per generation exhibits the highest values 
under juvenile survival selection and remains high when selection 
acts on fecundity, with a switch for species 5 (Figure 4).

The rates of adaptation per unit of vital rate over time RATS� ex-
hibits a comparable trend to the rates of adaptation per time RAT 
when selection influences fecundity and the survival of juveniles. 
However, it increases with the generation time when selection acts 
on adult survival and it decreases when selection pressure impacts 
the maturation rate. The highest RATS� values are still evident under 
juvenile survival selection in species 1 and 2. However, in species 3 
to 5 the highest RATS� values occur under selection on adult survival. 
Differences in vital rates and species are comparable when the rates 
of adaptation per unit of vital rate are expressed in terms of gen-
eration time, RAGS�. However, adaptation rates exhibit significantly 
higher values when selection influences adult survival.

The rate of adaptation per unit of fitness over time RATSR0
 shows 

no differences among the vital rates. Additionally, when the data is 

F I G U R E  4  Comparison of adaptation rates based on the six definitions (Equations (3)–(5)–(6)–(8)). Each panel presents a different 
definition. The rate of adaptation can be indicated per unit of time RAT (first column) or per unit of generation RAG (second column). These 
rates can also be indicated per unit of selection (second and third row) or not (first row). The second row is represented by the unit of 
selection expressed by the relative rate of change in the vital rate �: RATS� left column and RAGS� right column. The third row corresponds to 
RATSR0

 (left column) and RAGSR0
 (right column), where the selection units are defined by the relative rate of change in an individual's fitness, 

quantified by the mean lifetime reproductive success R0. The colour bar represents a specific vital rate that undergoes selection for the five 
species (x axis) arranged from the species with the shortest generation time to the species with the longest generation time.
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    |  1653VAN de WALLE et al.

normalized for generation time, the rate of adaptation RAGSR0
 re-

mains constant across both vital rates and species.

4  |  DISCUSSION

Here, we present an EvoDemo-Hyper MPM that incorporates quan-
titative genetic processes to predict the evolution of breeding values 
and phenotypes within a population. We calculate theoretical adapta-
tion rates using the Lande equation (Bulmer, 1980; Lande, 1976) and 
demonstrate that our theoretical predictions, along with simulation 
results from the MPM, align with those from a more conventional evo-
lutionary IBM. This collaboration between evolutionary biologists and 
demographers highlighted different possible definitions of the rate of 
adaptation and their implications for comparing adaptation rates across 
life-history traits and species' generation times. We found no overarch-
ing prediction as to which species or life-history trait yields a higher rate 
of adaptation; this is contingent on the life cycle and the specific vital 
rates subject to selection pressure, as well as the choice of definition.

4.1  |  Converging dynamics across diverse 
methodologies

The debates surrounding the use of evolutionary IPMs in the years 
2010 (Chevin,  2015; Coulson et  al.,  2017; Hedrick et  al.,  2014; 
Janeiro et al., 2017; Pelletier, 2019; Traill et al., 2014; van Benthem 
et al., 2017) cast population matrix models against quantitative ge-
netic models and may have suggested that one or the other approach 
was superior. Our work illustrates the rather self-evident fact that 
different approaches lead to similar results when they actually rep-
resent the same biological processes. In particular, population matrix 
models can incorporate quantitative trait inheritance correctly and 
thus provide consistent results with other methods.

While it is relatively trivial to create models of evolution and de-
mography using IBMs or iterative equations, empirical applications 
remain relatively rare. Based on our own experience, we believe that 
it is in part because the range of possible models and assumptions 
is very large for any given system, requiring intense research to de-
velop a useful empirical model. Furthermore, IBMs can be particu-
larly long to develop, check and analyse (Grimm & Railsback, 2005; 
Grimm,  1999). Using a matrix projection model with a more con-
strained structure and ease of creation, for example, IPM, may be a 
good option to tackle evolution–demography questions.

Regrettably, the majority of IPMs that include evolutionary 
processes, subsequently referred to as EvoDemo-IPMs, have pre-
dominantly employed insufficient models for genetic transmission 
(Chevin, 2015; Janeiro et al., 2017). Most EvoDemo-IPMs incorrectly 
dampen evolutionary responses, or they introduce an unjustified en-
vironmental influence on inheritance (for instance see inheritance 
function in Clark-Wolf et al., 2024).

Integrating evolution in structured population models is not novel 
(Barfield et al., 2011; Childs et al., 2016; Coulson et al., 2017), but our 

EvoDemo-Hyper MPM is a rare option to include quantitative genetics 
accounting for two-sex inheritance while keeping a transparent and 
computationally efficient framework. Barfield et al. (2011) introduced 
a foundational model for evolution in stage-structured populations, 
extending Lande's theorem and Price's equation to this context. Their 
approach assumes that breeding values and phenotypes follow a joint 
normal distribution and primarily focuses on mean trait evolution using 
Lande's theorem. In contrast, our model relaxes the assumption of 
normality and explicitly tracks the full distribution of breeding values 
and phenotypes over time. This enables us to capture changes in both 
means and variances, which is particularly relevant when stabilizing 
selection under environmental change leads to non-Gaussian distribu-
tions (Garnier et al., 2023). Childs et al. (2016) and Coulson et al. (2017) 
later introduced a robust framework for EvoDemo-IPMs with quan-
titative genetic inheritance. Childs' approach explicitly tracks the full 
phenotype and breeding value separately, providing a direct repre-
sentation of trait evolution. In contrast, Coulson's approach tracks the 
bivariate distribution of breeding values and environmental effects, 
offering greater flexibility for modelling plasticity and non-genetic in-
heritance. Additionally, Coulson's model inherently allows for two-sex 
inheritance, whereas Childs' does not include sex differences by de-
fault. While these previous models rely on integral-based formulations, 
our approach employs a matrix-based framework, which enhances 
computational efficiency and tractability. This allows for greater flex-
ibility in model implementation and scalability, making our framework 
a practical alternative for integrating evolution into structured popu-
lation models.

To our knowledge, Simmonds et al. (2020) is the only application 
of the proper EvoDemo-IPMs (Coulson et al., 2017), but it only in-
corporates the breeding values of the females within the inheritance 
function. Indeed, this model assumes that offspring breeding values 
are independent of paternal contributions, which, in the absence of 
stabilizing selection, may drive an increase in phenotypic variance 
over time. Furthermore, if environmental factors influence annual 
variations in the sex ratio of recruits by favouring males due to com-
petitive advantages in resource-limited conditions, as suggested by 
Oddie (2000), excluding male contributions in the model may lead to 
biases in population estimates.

For simple applications, the analytical results we derived may 
prove particularly useful. The theoretical formulas allow us to 
compute adaptation rates for all species, vital rates and definitions 
within a short CPU time of 0.04 s. This paves the way for further 
theoretical exploration across a wider range of life histories, al-
lowing for an examination of a more gradual spectrum of genera-
tion times.

4.2  |  Which species adapt faster? And what is 
adaptation anyway?

Lots of research currently aims to assess the potential of species 
to adapt to rapid anthropogenic environmental change (Radchuk 
et  al.,  2019; Urban et  al.,  2023). More specifically, scientists and 
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1654  |    VAN de WALLE et al.

wildlife managers would benefit from knowledge on the poten-
tial speed of adaptation of species to given selection pressure. 
Unfortunately, the present work shows that there cannot be a 
one-line answer to the question of which type of species will adapt 
slower or faster.

First, differences in the rates of adaptation among species do 
not always fall along a continuum. For instance, when using RAT

, in the cases of maturation and adult survival, the highest rates 
are observed for species with intermediate generation times 
(Figure  4). The ordering of species from slowest to highest ad-
aptation rate also varies depending on which vital rate is under 
selective pressure.

Furthermore, and perhaps more importantly, determining which 
species adapts faster depends on how we define the rate of adap-
tation. Throughout this work we highlighted two dimensions in the 
definition: the time unit and the measure of the strength of selection. 
Our six definitions provide dramatically different answers to which 
species, if any, adapts faster. Specifically, when defining adaptation 
using measures of selection on a linear scale (RAT and RAG) or per 
unit of vital rate (RATS� and RAGS�), the variation in adaptation rates 
among species is contingent upon the particular vital rates targeted 
by selection. Thus determining which species adapt faster requires 
precise knowledge on selection pressure experienced by the spe-
cies. The various perspectives on selection strengths and time units 
are not mutually exclusive; rather, they can be viewed as comple-
mentary strategies to take into account the effect of life history on 
adaptive dynamics. For example, an increase in mean survival rates 
will extend generation time, which consequently will slow down ad-
aptation when measured per unit of vital rate and reduce selection 
pressure when measured per unit of fitness.

Our study does not explore another crucial aspect of variation in 
the definition of adaptation: whether it exclusively refers to genetic 
changes resulting from natural selection (as we assume in our work) 
or encompasses broader processes that enhance the expected pop-
ulation growth rate, such as adaptive phenotypic plasticity or some 
shifts in demographic structure. In evolutionary biology, adapta-
tion (referring to adaptive evolution rather than the state of a trait 
being adaptive) is typically defined as an evolutionary response to 
natural selection. This distinction is important because alternative 
definitions can create apparent paradoxes in fundamental theorems 
of micro-evolution (Kokko, 2021). However, works on demography 
and wildlife management can adopt a broader definition of adapta-
tion, encompassing any deterministic increase in population growth 
rate, including improvements in phenotypic plasticity and changes 
in stage structure (e.g. Clark-Wolf et  al.,  2024; Fox et  al.,  2019). 
Phenotypic plasticity, defined as the ability of a genotype to pro-
duce different phenotypes in response to environmental variation, 
can enable organisms to cope with environmental changes in the 
short term. For example, plasticity in the timing of breeding of great 
tits (Parus major) allows reducing mismatches between hatching and 
food availability under changing conditions (Simmonds et al., 2020). 
Our EvoDemo-Hyper model can easily be extended to incorporate 
phenotypic plasticity by defining non-trivial transition probabilities 

between phenotypic classes. This can be achieved through the tran-
sition matrices Pi,j (dimensions p × p), which contain transitions be-
tween phenotypic classes for individuals of stage i  with breeding 
value in class j.

The intricacy of defining adaptation is further complicated by 
sentences like ‘adaptive change due to phenotypic plasticity’, that 
raise ambiguity about whether phenotypic plasticity is a subset of 
adaptation or a distinct biological phenomenon. While we do not 
aim to prescribe one definition over another, we emphasize the im-
portance of recognizing the diversity of definitions across disciplines 
and the potential for misunderstanding. Clarifying these distinctions 
is particularly relevant when designing studies or interpreting results 
across ecological and evolutionary research fields.

4.3  |  Adapting to adaptation: How 
conservationists, demographers and geneticists 
define and measure change

Different definitions may be better suited depending on the sci-
entific context. For instance, a conservation manager focused on 
implementing actions to aid species' adaptation over time might 
analyse adaptation rates per unit of time. They could observe that 
adaptation rates decline along the slow–fast continuum if selec-
tion pressure affects juvenile survival and fecundity. While the pat-
terns become subtler when selection pressure impacts maturation 
and survival, there are no significant differences in adaptation rates 
overall. Consequently, conservation efforts might prioritize enhanc-
ing juvenile survival and fecundity in short-lived species and focus 
on any vital rates for longer-lived species to facilitate adaptation to 
global changes.

Demographers with an interest in life-history strategies might in-
terpret the rate of adaptation per time per unit of selection in terms 
of its effect on the relative rate of change in an individual's vital rate. 
From this perspective, adaptation rates appear faster when selec-
tion impacts juvenile survival and fecundity, as well as maturation 
in short-lived species, whereas in long-lived species, adaptation is 
quicker when selection acts on adult survival.

Quantitative geneticists, on the other hand, prioritize the study 
of the causes and consequences of genetic change. They express 
adaptation rate per generation time and the response of selective 
pressure in standardized units of relative fitness or relative fitness 
components. Their approach is in line with the theoretical basis 
and conceptual focus on genetic change and is encapsulated by 
the breeder's equation. In one formulation, the breeder's equation 
expresses the per generation predicted change in the trait under 
selection as the product of additive genetic variance and a selec-
tion gradient (i.e. the average slope of relative fitness on the trait). 
When standardizing the response by the strength of selection, the 
predicted response depends only on additive genetic variance in the 
trait, which explains why the rate of adaptation RAGSR0

 is equal for 
all species and all vital rates on Figure  4. The actual standardized 
strength of selection does depend on the details of the life-history 
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and which fitness component selection acts on, but by measuring 
selection in a standardized way, quantitative genetics can take those 
details out of the equation. Instead of the details of life-history and 
on which fitness component selection acts, quantitative geneticists 
therefore stress the importance of differences in generation time, 
strength of selection and additive genetic variance (or, equivalently, 
heritabilities) across species (e.g. Carlson et  al.,  2014; Kingsolver 
et al., 2012; Postma, 2014).

5  |  CONCLUSIONS

Our results validate the EvoDemo-Hyper MPM as a robust frame-
work for modelling evolutionary and demographic dynamics. 
Compared to Individual-Based Models, it offers greater tractabil-
ity and computational efficiency while capturing the full distribu-
tion of breeding values and phenotypes over time. Ultimately, the 
choice of method may depend on factors such as computational 
efficiency, the researcher's background in evolution or demog-
raphy and the level of detail required to represent the life cycle. 
We also highlight that patterns observed among species and vital 
rates are influenced by definitions, underscoring the importance 
of maintaining awareness of this context when drawing broad 
conclusions about species adaptation, particularly in response to 
global changes. Overall, we recommend researchers interested in 
which species adapt faster in a given scenario not to assume an 
answer based on some verbal expectation, but instead to model 
the rate of adaptation with the definition that matters to them and 
find out a quantitative answer.
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